Collapse in coupled Nonlinear Schrodinger equations: Sufficient
  conditions and Applications by Prytula, Vladislav et al.
ar
X
iv
:0
80
4.
46
45
v1
  [
nli
n.P
S]
  2
9 A
pr
 20
08
Collapse in coupled Nonlinear Schro¨dinger
equations: Sufficient conditions and
Applications.
Vadym Vekslerchik Vladyslav Prytula, Vı´ctor M. Pe´rez-Garc´ıa,
Departamento de Matema´ticas, and Instituto de Matema´tica Aplicada a la Ciencia
y la Ingenier´ıa, E. T. S. de Ingenieros Industriales, Universidad de Castilla-La
Mancha 13071 Ciudad Real, Spain
Abstract
In this paper we study blow-up phenomena in general coupled nonlinear Schro¨dinger
equations with different dispersion coefficients. We find sufficient conditions for
blow-up and for the existence of global solutions. We discuss several applications of
our results to heteronuclear multispecies Bose-Einstein condensates and to degen-
erate boson-fermion mixtures.
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1 Introduction
The study of collapse in physical systems governed by scalar nonlinear Schro¨-
dinger (NLS) equations has been a fruitful field in the last 40 years [1,2].
Between the physical systems for which the NLS equation is relevant to de-
scribe concentration phenomena leading to the formation of a singularity in the
mathematical model we can cite the optical self-focusing [3,4], Langmuir waves
in plasmas [2], and more recently matter waves, specifically Bose-Einstein con-
densates [5,6,7].
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In other physical situations the field modelled by a Schro¨dinger equation is
coupled to another field or the physical field itself is of vector nature. Examples
of physical systems of this type in which collapse occurs are the Schro¨dinger-
Poisson systems [8], the Zakharov equations [2], the generalized Zakharov
model [9], the vector Helmholtz equation [10,11,12], the Schro¨dinger-Debye
system [13] and the Davey-Stewartson system [14].
However, probably the simplest and most ubiquously arising extension of the
scalar nonlinear Scho¨dinger equation is the vector NLS, given by the following
equations
i∂tψk = −1
2
λk∆ψk + Vkψk +
(∑
l
gkl |ψl|2
)
ψk, (1)
where ψk, k = 1, ...,M is a family ofM unknown complex functions defined on
R
D, D being the spatial dimensionality, λk are the positive constant dispersion
coefficients, Vk are external potentials acting on the different components and
gkl are real numbers.
Collapse in the framework of vector NLS equations has been discussed mainly
for systems of two coupled equations (corresponding to M = 2) and λ1 =
λ2 in different physical contexts such as plasma beat-wave accelerators [15]
and incoherently coupled waves in bulk Kerr optical media [16]. The more
general situation of an arbitrary number of components has been considered
in Ref. [17] for the case λk = λ in the context of copropagating nonlinear
optical waves. The same result was rediscovered by Ghosh [18] using symmetry
methods under similar assumptions (i.e. equal dispersions) in his study of
the same model with applications to the dynamics of spinor Bose-Einstein
condensates. A more abstract analysis of the same problem with only two
components has been recently published [19] and, in the case of the absence
of potential in [20].
However, several new scenarios arise in the context of collapses of matter
waves, which do not fit into the classes of previously studied problems. The first
one is heteronuclear multicomponent Bose-Einstein condensates [21] where the
atomic species have different masses contrary to the case of spinor BECs where
different spin states of the same atomic gas are studied. In the language of Eq.
(1) this means that the “dispersion” coefficients for ψ1 and ψ2 are different,
i.e. λ1 6= λ2 [22].
The second field of applications of Eq. (1) in the theory of degenerate quantum
gases is when a mixture of a Bose-Einstein condensate with a degenerate Fermi
gas is studied in the mean field limit. These mixtures have received a lot of the-
oretical attention in the last years, in particular in relation with the description
of the observed collapse phenomena [23,24,25]. One of the models describing
the dynamics of boson-fermion mixtures (see e.g. Refs. [26,27,28,29]) including
the dynamics of the fermionic component is
2
i
∂ψB(x, t)
∂t
=
[
− 1
2mB
∆+ VB + gBB|ψB(x, t)|2
]
ψB(x, t)
+gBF

MF∑
j=1
|φj(x, t)|2

ψB(x, t), (2a)
i
∂φj(x, t)
∂t
=
(
− 1
2mF
∆+ VF + gBF |ψB(x, t)|2
)
φj(x, t), (2b)
where φj(x, t), j = 1, ...,MF are wavefunctions describing each of the MF
fermions and ψ(x, t) is the mean field wavefunction for the bosonic compo-
nent. These equations are written in adimensional units, which are related to
the physical parameters as gBB = 4π~
2/mB, gBF = 2π~
2(1/mB + 1/mF ), VF
and VB are the magnetic trapping potentials for fermions and bosons respec-
tively, mB andmF are the masses of the ultracold bosonic and fermionic atoms
respectively. The normalizations are
∫
Rn
|φj(x, t)|2dx = 1, ∫Rn |ψ(x, t)|2dx =
NB. The obtention of rigorous criteria for blow-up in this systems is specially
interesting since the large number of equations present (1 for the bosonic
field plus NF for the fermionic fields) make the numerical analysis of realistic
systems having thousands of fermions, unfeasible in multidimensional config-
urations.
Boson-Fermion mixtures as modeled by Eqs. (2) are also a particular case of
our general model for multicomponent NLS systems given by Eqs. (1).
Finally we would like to mention on yet another application of our model
equations in the limit of a large number of components (formally M → ∞),
which is that of white light propagation in nonlinear media [30].
In this paper we study Eqs. (1) to obtain sufficient conditions for blow-up and
for the existence of global in time solutions in two and three spatial dimensions.
Our first step is to develop the theory based on the moment method (Sec.
2). To do so we first define the relevant quantities for our analysis and find
their evolution equations (Sec. 2.1). Next, the equations related to the global
motion of the solution are studied in Sec. 2.2 while those related to the width
are studied in Sec. 2.3. The results on sufficient conditions for blow-up are
then presented in Sec. 3. Finally, in Sec. 4 we consider the problem of finding
sufficient conditions for the existence of global solutions. Our conclusions are
then summarized in Sec. 5.
3
2 Moment equations
2.1 Definition and evolution of the moments
Our goal is to obtain a suficient condition for collapse of initial data ψk(x, t =
0, ) satisfying equations (1). In what follows we will take the potentials to be
of the form
Vk(x) =
1
2
ω2k x
2, (3)
which includes the explicit forms of potentials found in realistic applications
of NLS to the field of matter waves.
The first part of our analysis will be based on an extended version of the
method of moments [31,32] for our vector system in order to obtain a virial
type identity. The same method in a simpler form (i.e. using a smaller number
of moments) has been used by different authors to deal with simpler situations
(e.g. [17,18,19,20]). To apply the method we first write ψk in the modulus-
phase representation
ψk =
√
nke
iϕk , (4)
and define the following functionals
Nk =
∫
nk dx, (5a)
Rk=
∫
nkx dx, (5b)
Pk=
∫
nk∇ϕk dx = 1
2i
∫ (
ψ¯k∇ψk − ψk∇ψ¯k
)
dx, (5c)
Jk =
∫
nk (x,∇ϕk) dx = 1
2i
∫ (
x, ψ¯k∇ψk − ψk∇ψ¯k
)
dx, (5d)
Ik =
∫
nk x
2 dx, (5e)
Nkl=
∫
nknl dx, (5f)
Kk =
∫ (
∇ψk,∇ψ¯k
)
dx, (5g)
2H=∑
k
λkKk +
∑
k
ω2kIk +
∑
kl
gklNkl, (5h)
with k, l = 1, ...,M . Hereafter integration is taken over the whole space RD.
We will assume that all these quantities are finite for our initial data and are
smooth as functions of time.
After direct differentiating the previous equations with respect to time and
some rather long but straightforward calculations we get a series of ordinary
differential equations for the moments involving different integral quantities
4
dNk
dt
=0, (6a)
dRk
dt
=λkPk, (6b)
dPk
dt
=−ω2kRk +
1
2
∑
l
gkl
∫
(nl∇nk − nk∇nl) dx, (6c)
dJk
dt
=−ω2kIk + λkKk −
∑
l
gkl
∫
nk (x,∇nl) dx, (6d)
dIk
dt
=2λkJk, (6e)
dKk
dt
=−2ω2kJk − 2
∑
l
gkl
∫
nk (∇ϕk,∇nl) dx, (6f)
dNkl
dt
=
∫
[λknk (∇ϕk,∇nl) + λlnl (∇ϕl,∇nk)] dx, (6g)
dH
dt
=0. (6h)
Eqs. (6a) and (6h) express respectively the conservation of the L2-norm and
the Hamiltonian which is natural for NLS-type equations.
2.2 Equations for the centroid of the solution
Eqs. (6b) and (6c) can be combined to get
1
λk
d2Rk
dt2
+ ω2kRk = Fk, (7)
where
Fk =
1
2
∑
l
gkl
∫
(nl∇nk − nk∇nl) dx. (8)
In the case of symmetric interaction matrices and homogeneous systems such
as those studied up to now in the literature (i.e. ωk = ω, λk = λ for all
k = 1, ...,M) these equations are a simple extension of the Ehrenfest theorem
for multicomponent systems since one can define R = ∑Mk=1Rk which satisfies
the average equation R¨+ω2R = 0. This equation provides a simple extension
of the result for one component [32] and manifests the fact that the dynamics
of the averaged center of mass behaves independently of internal forces.
In the case of initial data with small overlapping Eqs. (7) can be used as
the basis for an approximate theory for the evolution of the centroids of the
individual wavepackets following the ideas presented in Ref. [33]. Since in this
paper we focus our attention on collapse phenomena we will not perform such
analysis here.
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2.3 Equations for the width of the solution
From Eqs. (6e) and (6d) we can obtain an equation for the evolution of the
width of the individual solutions ψk which is parameter used to detect collapse
in the framework of moment methods
1
λk
d2Ik
dt2
+ 2ω2kIk = 2λkKk − 2
∑
l
gkl
∫
nk (x,∇nl) dx. (9)
Summing for all values of k and using the definitions of the momenta we find:
∑
k
(
1
λk
I¨k + 4ω
2
kIk
)
= 4H + (D − 2)∑
kl
gklNkl, (10)
This equation is the extension of the well known virial relations for the scalar
cubic nonlinear Schro¨dinger equation [2,3] for our multicomponent system
ruled by Eqs. (1).
3 Sufficient conditions for blow-up
In this section we will use the results of the method of moments to provide
sufficient conditions for blow-up of solutions of equations (1) with external
potentials the form (3) in different scenarios.
Before moving further we would like to remark that the Hamiltonian H is a
sum of three terms H = H(1) + H(2) + H(3) such that two of them H(1) =∑
k
λkKk/2 and H(2) = ∑
k
ω2kIk/2 are always positive. The sign of the third one
H(3) = ∑
k
gklNkl/2 depends on the properties of the matrix {gik}. Let us note
that if the matrix {gkl} is such that H(3) > 0 for any Nkl then collapse is not
possible. Because of this we will be interested in the class of matrices {gkl}
which permits the negativity of the biquadratic form H(3) < 0.
The question of the full description of the class of such matrices is closely
related to the question of sign definition of the bilinear form gikξiξk but not
equivalent to it, since in our case we have a strong cone restriction ξ ≥ 0. We
will not study this question in all its generality, but present one sufficient and
easily verified characterization of a wide class of matrices for which H(3) can
become negative.
Definition It is said that the matrix {aik} belongs to the class N if there is
a pair of indices i0, k0 such that
√
ai0i0
√
ak0k0 + ai0k0 < 0. (11)
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One can easily check that if a matrix {gkl} ∈ N, then there is a vector ~ξ
satisfying the restriction ξi ≥ 0 such that ∑
kl
gklξkξl < 0. For example one can
choose ξi0 = 1/
√
gi0i0 , ξk0 = 1/
√
gk0k0 and ξi = 0 otherwise.
In what follows we will assume that the matrix glk ∈ N (for example, consid-
ering the system (2) this means that gBF < 0) and obtain sufficient conditions
for blow-up in that situations. In what follows we will treat the cases D = 2, 3
separately.
3.1 Case D = 2
Let us first study the case in which D = 2. Eq. (10) becomes
∑
k
1
λk
I¨k = −
∑
k
ω2kIk + 4H. (12)
Let us define
I =∑
k
Ik/λk, (13)
and
Ω2 = min
k
(
λkω
2
k
)
. (14)
Since λk, Ik > 0 by definition, from (12) we get the simple evolution equation
I¨ + Ω2I = 4H− δ2, (15)
where
δ2 =
∑
k
1
λk
(
λkω
2
k − Ω2
)
Ik > 0. (16)
Solving (15) we get
I(t) =
[
I(0)− 4H
Ω2
]
cos(Ωt) +
˙I(0)
Ω
sin(Ωt) +
4H
Ω2
− 1
Ω
t∫
0
sin(Ω(t− τ))δ2(τ) dτ. (17)
From Eq. (17) it follows that for all t < π/Ω
I(t) < I(0) cos(Ωt) +
˙I(0)
Ω
sin(Ωt) +
4H
Ω2
[1− cos(Ωt)] . (18)
This inequality is of the type used in the works [35,36,37] to study the stabil-
ity and collapse phenomena in the one-component NLS equations. From this
inequality one can conclude that if there are initial conditions such that for
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some time T ∗ ≤ π/Ω the quantity I(T ∗) becomes negative, then there will
be blow-up. The complete study of the conditions which can ensure the neg-
ativity of the right-hand side of Eq. (18) is a rather difficult problem. Here
we present two (in our opinion relevant) examples of the situations when the
analysis can be carried out.
Example 1. Let us choose initial conditions such that
I˙(0) = 0, (19)
which can be easily done by taking the initial data to be real. Then it follows
from Eq. (18) that there exists a T ∗ ≤ π/Ω such that if
H ≤ 1
8
Ω2I(0), (20)
then the solution will blow-up on the time interval (0, T ∗).
Example 2. If the initial data are such that
I˙(0) < 0, (21)
what always can be achieved by the appropriate choice of phases ϕk of the
initial distribution, then if
H < 1
4
Ω|I˙(0)|, (22)
then the solution blows up for times smaller or equal to T ∗ = π/(2Ω).
In what follows we will discuss how to find initial conditions for our equation
(1) with the given potentials (3) that can fulfill inequalities (20) and (22). Our
goal is to show that the class of initial conditions satisfying (20) or (22) is not
empty. The proof of this fact is done in two steps.
Step 1. Since {gkl} ∈ N, then there exists a vector ξ (ξi ≥ 0) such that
gklξkξl < 0. Choosing ψk(t = 0) =
√
ξkφ(x) where φ(x) is an arbitrary square
integrable function we obtain that
H3[ψk] < 0. (23)
It is worth noting that such a choice of initial conditions is not a one-component
reduction in Eqs. (1) because of the presence of different coefficients λk, ωk
and gkl (the possibility of such a reduction would imply very strong conditions
on the coefficients λk, ωk, gkl which we do not impose).
Step 2. Since H3[ψk] can be done negative it is easy to satisfy the condition
(20). To this end we will use a rescaling argument. Let us define
ψ˜k(x) = αψk(x), H˜ = H[ψ˜k], I˜ = I[ψ˜k]. (24)
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Then
H˜ − 1
8
Ω2I˜(0) = α2
(
H(1) +H(2) − 1
8
Ω2I(0)− α2|H(3)|
)
. (25)
From the last relation it follows directly that one can always choose α suffi-
ciently large to make (25) negative and thus to satisfy (20).
The case of condition (22) is verified in a similar way.
Remark Here we would like to make a remark concerning one very relevant
from the physical point of view situation. Let us consider the system of equa-
tions (1) in the particular case when M = 2
i∂tψ1 = −1
2
λ1∆ψ1 + V1ψ1 +
(
2∑
l=1
g1l |ψl|2
)
ψ1, (26a)
i∂tψ2 = −1
2
λ2∆ψ2 + V2ψ2 +
(
2∑
l=1
g2l |ψl|2
)
ψ2. (26b)
From the previous considerations it follows that if the matrix {gkl}2k,l=1 belongs
to the class N then the solution can blow-up in finite time. For the particular
case of M = 2 it follows from the definition of N that for {gkl}2k,l=1 ∈ N it is
sufficient that
g12 < −√g11g22. (27)
This means that even in the case of repulsive intracomponent action terms
(g11, g22 > 0) blow-up phenomena can develop in finite time due to the pres-
ence of an attractive intercomponent interaction satisfying g11g22 < g
2
12. More-
over if g11, g22 > 0 and Eq. (27) does not hold, then there are no blowing-up
solutions of Eq. (26).
3.2 Case D = 3.
The same type of estimates can be applied to the situation when the matrix
{gkl} is negative definite and D = 3 since then being Nkl > 0 we can write
I¨ = −∑
k
ω2kIk +
∑
kl
gklNkl + 4H, (28)
and thus one can obtain a similar to the two-dimensional case sufficient con-
dition for the existence of blow-up. The same comment done in the previous
subsection applies here, i.e. one may think of situations where a single negative
interaction coefficient is able to drive the full system to blow-up.
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4 Global in time solutions
In this section, assuming that the matrix {gkl} has at least one negative el-
ement, we will obtain conditions that should be imposed on the initial data
in dimensions, D = 2, 3 to guarantee that the solution is uniformly bounded
for all times, i.e. we will show that if the initial data are sufficiently small
then there is no blow-up in the framework of Eqs. (1). The case when all the
elements of the matrix {gkl} are positive is trivial since the global solvability
follows directly from the structure of the Hamiltonian. Moreover we will sup-
pose that H > 0, since the case of H < 0 implies that the initial conditions
should be sufficiently ”large” [38] (this is the consequence of the rescaling
ψ˜k = kψk and the structure of the Hamiltonian).
4.1 D=3
Let us first write the conservation of energy in the general form:
2H =∑
k
λk
∫
|∇ψk|2 dx+
∑
kl
gkl
∫
|ψk|2|ψl|2 dx+
∑
k
∫
Vk|uk|2 dx. (29)
To obtain some useful estimations in the case of D = 3 we will now derive a
multidimensional Gagliardo-Nirenberg inequality, namely
∑
kl
‖ψkψl‖2L2 ≤MC(3)GNN 1/2
(∑
k
‖∇ψk‖22
)3/2
, (30)
here by ‖ ·‖Lp we define the Lp norm : ‖v‖Lp =
(∫
|v|p dx
)1/p
, C
(3)
GN stands for
the best constant in the three dimensional scalar Gagliardo-Nirenberg inequal-
ity [39], M is the number of components in our system and N = ∑
k
‖ψk‖22.
Hereafter we present a simple algebraic proof. Let us consider the Cauchy-
Bunyakovsky inequality :
∑
kl
∫
ψ2k ψ
2
l d
3~x ≤M∑
k
∫
ψ4k dx. (31)
Now, let us apply the standard one component Gagliardo-Nirenberg inequality
for spatial dimension D = 3 [38]
‖v‖4L4 ≤ C(3)GN ‖∇v‖3L2 ‖v‖L2 , (32)
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where. Then from (31) we obtain that
∑
kl
∫
ψ2k ψ
2
l d
3~x ≤MC(3)
GN
∑
k
‖∇ψk‖3L4 ‖ψk‖L2 , (33)
Thus applying Ho¨lder inequality one more time we obtain the needed inequal-
ity ∑
kl
∫
ψ2k ψ
2
l d
3~x ≤MC(3)
GN
N 1/2
(∑
k
‖∇ψk‖2L2
)3/2
, (34)
which corresponds to the result presented in inequality (30). From this in-
equality and the conservation of energy we can easily obtain that:
2H ≥ λmin
∑
k
‖∇ψk‖2L2 − g∗MC(3)GN
√
N
(∑
k
‖∇ψk‖2L2
)3/2
, (35)
where by λmin we denote the minimal value of all λk and by g∗ we denote the
modulus of the minimal element of the matrix {gkl}. Let us define
U2 =
∑
k
‖∇ψk‖22. (36)
Then
2H ≥ λminU2 − γ
√
NU3, (37)
where γ = g∗MC
(3)
GN . Define
F (U) = γ
√
NU3 − λminU2 + 2H ≥ 0. (38)
The function F (U) is a cubic polynomial of U , such that F (0) = 2H ≥ 0
with two critical points U0 = 0 and U1 = (2/3)(λmin/γ
√N ). Since for any
sufficiently smooth initial the solution is locally smooth in time, then if we
choose the initial conditions satisfying the following conditions
• F (0) > 0,
• F (U1) ≤ 0,
• U(t = 0) before the first positive root of F (U) = 0.
then the corresponding solution is globally bounded in time.
The first condition is satisfied automatically since H > 0. As
F (U1) = − 4
27
λ3min
γ2N + 2H, (39)
then the second condition is equivalent to the
N|H| ≤ 2
27
λ3min
γ2
. (40)
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Noting that F (
√
2H/λmin) ≥ 0 and since
√
2H/λmin ≤ U1 one can conclude
that to satisfy the third condition it is sufficient to choose
U(t = 0) ≤
√
2H
λmin
. (41)
The conditions (40) and (41) are compatible for any choice of parameters
λk, ωk and gik which is easily verified using the rescaling u˜(y) = αu(βx).
4.2 D = 2
Now let us analyze the case D = 2. The same ideas used to derive (30) allow
to obtain that if D = 2 then:
∑
kl
∫
ψ2k ψ
2
l d
2~x ≤ MNC(2)
GN
∑
k
‖∇ψk‖2L2 , (42)
where C
(2)
GN is the optimal constant for Gagliardo-Nirenberg inequality in di-
mension two. So from (28) we obtain that:
2H ≥
(
λmin − g∗MNC(2)GN
)∑
k
‖∇ψk‖2L2 . (43)
It follows from the last inequality and the constancy of the Hamiltonian, that
if we chose initial conditions such that
N =∑
k
‖ψk‖2L2 ≤
λmin
g∗MC
(2)
GN
, (44)
then the solution is also globally bounded in time.
Thus we have proved the following theorem
Theorem 1 If the initial conditions for system of equations (1) with the po-
tentials of the form (3) and with the matrix {gkl} having at least one negative
element are such that H < 0 and
• D=2 :
N =∑
k
‖ψk‖2L2 ≤
λmin
g∗MC
(2)
GN
, (45)
• D=3:
N|H| ≤ 2
27
λ3min
γ2
. (46)
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U(t = 0) ≤
√
2H
λmin
. (47)
then the corresponding solution is globally bounded in time.
5 Conclusions
In this paper we have studied system of coupled nonlinear Schro¨dinger equa-
tions with potentials which include as particular cases models of heteronu-
clear multicomponent Bose-Einstein condensates and mathematical models
for Boson-Fermion mixtures. For these models we have stabilished different
types of results on blow-up.
First we have obtained sufficient conditions for blow-up using an extension
of the method of moments valid for two or three spatial dimensions. In the
most interesting situations where the coefficients of the interaction matrix
are not all of the same sign our criterion allows to predict that there will be
situations when the system can be driven to blowup either by a single unstable
component or because of negative cross-interaction coefficients.
As a second class of results we have found precise sufficient conditions for the
initial data ensuring the existence of global solutions which makes explicit the
intuitive idea that small enough data should be non-collapsing.
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